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Exercise (2.1).

Proof. Suppose K is a degree two extension of Q. Then, pick any 2 € K \ Q. We have that Q C Q(z) C K, but [Q(z) : Q] # 1,
so Q(x) = K. So, K is obtained by adding a root of a (monic) degree two polynomial to Q. If this polynomial is t*> + az + b,
then completing the square gives the polynomial

(t—a/2)* +b—a?/4
and so K = Q(y/b — a2/4). Clearing denominators, we have that K = Q( /m), where b — a*/4 = m/n? for some n € Z.

Now, suppose m,n € Z are squarefree (and not equal to 1). If Q(v/m) = Q(y/n), then there are a,b € Q with \/n =
a + by/m. Squaring gives
n = a? + mb? + 2aby'm
By unique representations in Q(+/m), we must therefore have n = a? +mb? and 2ab = 0. If b = 0, then this is a contradiction,
since we get n = a2, but n is squarefree. So, b # 0, and so a = 0, which gives n = mb?. Since n is squarefree, we must thus
have b = +1, and so n = m. In other words, the fields Q(+/n) are distinct for n squarefree. O

Exercise (2.2).
Proof. Let R = 7[y/—3]. It is clear that I # 2R, since 1 ++/3 € I, but %ﬁ ¢ R. On the other hand, we have:
I?=(2,14vV=3)? = (4,24+2V=3,-2+2V/-3) = (4,2+2V=-3) =2(2,1 + V=3) = 2I

as claimed. Thus, ideals in R don’t factorize uniquely into primes, since the ideal /2 would have the two distinct factoriza-
tions coming from doubling the exponents on the prime factors of I and the factorization coming from concatenating the
factorizations of I and 2R.

For the rest of the statement, we first show that [ is prime. Indeed,

R/I =7Z[V=-3]/(2,1+V=3) = Z[z]/(2,1 + z,2* + 3) = Fa[z]/(x + 1,2* + 3) = Fy

is a domain. In fact it is a field, so [ is maximal.
Second, suppose that P is a prime ideal containing 2R. Then it necessarily contained 2, and also,

(1+v-3)2=-2+2/-3€2R

hence 1 + /—3 € P since P is prime. So, P contains I, but since [ is maximal we get P = I.

Third, note that a product of ideals is necessarily contained in each of the multiplicands. So, if 2R has a factorization, each
factor must contain 2R, and so a factorization into primes must be of the form 2R = I* since this is the only prime containing
2R as we’ve just shown. We also know k > 2 since 2R # R and we’ve shown 2R # I. But then we have:

PBCcr=or=1"cp
and so all of these ideals are equal, which we need to show cannot be. But,
I? = (I = (2I)I = 4I
and so in particular 4 € 21 = I?,but 4 ¢ 41 = I3. Hence I3 # I O

Exercise (2.3).

Proof. To finish the proof, we need to show that for r,s € Q and m squarefree such that 2r and r? — ms? are integers, if

m =2,3 (mod 4):
r,s €L

and otherwise for m = 1 (mod 4):
2r,2s € Zand 2r =2s (mod 2)

Since 2r € Z, we consider the two cases of it being even and odd. If 2r is even, then r € Z. Then ms? € 7 as well, and since
m is squarefree, this gives that s?> € Z, and hence s € Z. This can happen in either case for m above.

Otherwise 27 is odd. Then 4ms? = (2r)? — 4(r? — ms?) is an integer. As before, since m is squarefree, we conclude 4s? is
an integer, and so 2s € Z as well. Furthermore, the expression above is the difference of an odd square and a multiple of four,
so we get m(2s)? =1 (mod 4). Hence we get that 2s is odd and m = 1 (mod 4). This falls under the second case. O



Exercise (2.4).

Proof. The proof of theorem 2 shows a more general fact: if A C B are rings, then an element o € B is integral over A (in
that it satisfies a monic polynomial with coefficients in A) iff A[a] is a finite A-module iff o« € C' for some A-subalgebra C' of

B that is a finite A-module. So, since ag, ..., a,—1 are algebraic integers, we have that each of the extensions:

Z C Zlao] € Zlag, a1] C - -+ C Zlag, - - -, apn-1]
are finite extensions of modules. Further, since « is integral over this final extension, we also have that Z[ao,...,a,-1] C
Zlag, . ..,an—1,q] is a finite extension. Hence, by our tower laws, Z C Zlao, ..., an—_1, @] is a finite extension of modules.
This is a Z-subalgebra of, say, C that contains «, and so « is integral over Z, i.e. it is an algebraic integer. O

Exercise (2.5).

Proof. Note that for a € F,,, a? = a, and for any two elements «, 5 in a ring of characteristic p, (o + 3)? = o + SP. By
induction, this latter fact extends to arbitrary finite sums. Hence, if f € F,[z], then,

n p n n
(F@)y = (Z ) =Y (@ = Y aitar) = f(a?)
=0 i=0 i=0

as claimed. O
Exercise (2.6).

Proof. Since f? | g, we have g = f2h for some h € K|z]. Then, differentiating gives

g =2ff'h+ f21' = f2f h+ f1)

which is clearly divisible by f. O
Exercise (2.7).

Proof. For k € (Z/mZ)*, we have an automorphism of Q[w] that maps w to w”. If we have two such automorphisms, corre-
sponding to k and ¢, then under the composition:

w = W (WHE = WM

where the exponent can, of course, be considered modulo m. Hence composition of automorphisms corresponds to multipli-

cation in (Z/mZ)*. O
Exercise (2.8).

(a) Letw = e>™*/P, p an odd prime. Show that Q[w] contains \/p ifp = 1 (mod 4), and /—p ifp = —1 (mod 4). Express
V=3 and \/5 as polynomials in the appropriate w.

(b) Show that the 8th cyclotomic field contains /2.
(c) Show that every quadratic field is contained in a cyclotomic field.

Proof.

(a) First, here’s a very unmotivated explicit solution (skip below the line for the “better” proof). Let x(n) denote the Legendre
symbol, so that x depends only on the residue mod p, x(0) = 0 and otherwise x(n) = 1 if and only if n is a perfect
square mod p. Fort € {1,...,p — 1}, let t~* denote the unique integer in {1,...,p — 1} such that ¢t~ is 1 modulo p.
Define

p—1
ay = Z x(n(r —n))
n=1
Note that:

ap =Y x(—n*) = x(-1)(p—1)



(b)

andfor1 <r <p-—1,

ar =Y x((r7P)x(n(r =n)) =Y x(r~'n(l = r7tn)) = Y x(k(1 - k) = a)
n=1 n=1 k=1

1

since multiplication by ! simply permutes {1,...,p — 1}. Finally, define

p—1
flz) =) x(n)z"
n=0
If 7y satisfies vP = 1, then
p—1 2
(f(v)* = <Z X(N)7">
n=0
p—1 p—1
=Y > x(m)x(m)yy"tm
e
:ZZX(m(r—m))q/r forr=n+m
;i? m=0
= Z arfyr
r=0

=x(-D)p—-1)+ay v
r=1

On one hand, since 17 = 1, we can take v = 1. But f(1) = 0 since there are exactly (p — 1)/2 residues and nonresidues
modulo p. So, this gives

x(—)p-1)+(p—-1a =0 = a1 = —x(-1)

On the other hand, we can take 7 = w which gives:

p—1
fw?=x(-Dp-1D+a Y w =x(-1)p—1)+x(-1) = x(-1)p

which is what we wished to show, since now f(w) is in Q(w) and has square +p.

“Better” proof: We’ve shown that disc(w) = pP~2if p = 1 (mod 4) and disc(w) = —pP~2 otherwise. But we can write
disc(w) = |o;(w?)|?, where | - | denotes the determinant, and 4, j range over the appropriate indices. Thus, £p?~2 is a
square of an element in Q[w], and since p is odd, so is p? ~3. Hence, the quotient is a square in Q[w], namely \/Ep € Q[w].

Now, we consider the explicit cases. Note that the “worse” proof actually helps here, since it was very explicit. For p = 3,
the proof showed that
V3=w—-w=w-—w!

+1 . For p = 5, the proof showed:

which is also clear since w™" = —= + z§

1
2
VE=w—w? - +wt

To confirm this, we can square the expression:

2 2 2

—WP 4wt =w? 22—t A — W 20T W =4 —w— W

(w—w —w—wt=5
as claimed.
Let w = 27/8_ Then, w? = 3, so:

(WwHw ) =w?+24+w?=i+2—-i=2
ie. vV2=+(w+w) € Q.



(c) Let m be squarefree. Then we can write m as a product of primes +p; - - - pi. Consider the field K = Q(w), where
w = €2™/(8M) Then, w™ = /4, so K contains the 8th cyclotomic field, and so contains V2. Similarly, w?™ = and
so K contains /—1. Finally, for each odd prime divisor p;, wim/Pi = ¢27i/Pj g9 K contains \/Ep;j for each j. Hence,
multiplying the necessary terms, we have that K contains 1/m. O

Exercise (2.9).

Proof. Let (; = e?™i/7_ As suggested, suppose w = (,, and that 6 is a primitive kth root of unity, so that § = ¢>7#/k — P for
some h with (h, k) = 1. Then, we can write ah + bk = 1 for some a,b € Z. Second, if d = (m, k) is the ged, then there are ¢, v
such that tm + vk = d. Let u = at. Finally, since r is the lcm of m and k, we have r = mk/d. So,

u v a v a v 1_bk v v v m v m-v
0w = 0%w" = Cllfl tCm = Ig )tCm = Cltch = f’d/mcrd/k = <7t" /dgrk/d = Cv(t tok)/d = Gr
as claimed. 0

Exercise (2.10).

Proof. We'll proceed by induction on m. As a base case, suppose that m is a power of two, i.e. m = 2% for some a > 1 (since
m is even). Then we can write 7 = 2°/ for some ' odd and b > a. Thus, we get:

2071 = ¢(m) = ¢(r) = 2" o)

which gives a = b and ¢(r') = 1, so 7’ = 1, since 7’ is odd. Le. 7 = 2% = m as claimed.
Otherwise, m has an odd prime divisor p. Similar to above, write m = p®m/ and r = p®r’ for a < band m’, 7’ not divisible

by p. Then,

s(m) _ o)

o(p*) — o(p")
since ¢ is multiplicative and ¢(p’) = p’~!(p — 1) is increasing in j. But m’ is even and m’ | 7/, so by induction, we have
m’ = r’. Finally, we have

o(m') = = (")

P Hp—1) =) = > =o(p")=p""'p—1)

soa > b,i.e. a = b. So, r = m and we’re done. O
Exercise (2.11).

Proof. Factorize f: f(z) = [[;—, (x — a;). Then, the coefficient of z, is

2 11

S ies
where S ranges over all subsets of {1,...,n} with |S| = r. So, the magnitude of the coefficient is at most
n
o | CRIED S | S SR ()
S ies S €S g

since there are exactly (:) such S.

Second, consider the set T, of all roots of all polynomials with integer coefficients of degree n such that the coefficient
of 2" has magnitude at most (Z) Notice this is a finite set, since there are finitely many such polynomials and each one has
at most n distinct roots. I claim this contains all described numbers. Indeed, let a be an algebraic integer of degree n all of
whose conjugates have magnitude 1. Then, let f be the (monic) minimal polynomial of o. We’ve seen that f must have integer
coefficients since « is an algebraic integer. Then, all roots of f have magnitude 1, since the roots are precisely the conjugates
of a. Hence, the computation above shows that o € T), since f is one of the described polynomials.

Finally, in this case, note that o is also an algebraic integer for all k& > 1, and that |o;(a*)| = |oy(a)[F = 1 for all
embeddings o;. Finally, o* € Q(«), so o” has degree at most n. Hence, all of the powers of « are contained in the finite set
Ty U---UT,, and so by Pigeonhole, we must have o = a* for some j < k. Le. a*~J =1 so v is a root of unity. O

Exercise (2.12).



Proof. First, note that the conjugate of an element of Z[w] is again in Z[w)] since @ = w~!. Hence, if u is a unit in Z[w], we have
v € Z[w] withuv = 1, and so 1 = % -7 and so @ is also a unit in Z[w]. Hence, u/% € Z[w] is an algebraic integer. Finally, to see
that u /% is a root of unity, it suffices to show that each conjugate has magnitude 1. But any automorphism of Qw] commutes
with complex conjugation, so if ¢ is such an automorphism, then:

(%)=

which completes the claim. We’ve characterized the roots of unity in Q[w] to be precisely the 2pth roots of unity, since p is
odd, which can be written as +w” for some 0 < k < p.

o)
(

o(u)

=1

Now, suppose for contradiction that u/u = —wk for some k. Then, u? = (—ﬂwk)p = —uP. But now, by (1.25), we have
that u? = a (mod p) for some a € Z. Then,

a=uP=—uP =—a (mod p)

Hence p | 2a, and so p | a since p is an odd prime. So, p | u?, i.e. uP = pa for some o € Z|w]. But u is a unit, so dividing by it
gives 1/p € Z[w], which is not true. O

Exercise (2.13).

Proof. As noted, for a number field K and & € A N K, « is a unit if and only if N(a) = £1. So, let m € Z be squarefree,
negative, and neither of —1, —3, and let K = Q(/m). Now, writing o = a + b\/m, we have N(a) = a? — mb?. Since m < 0,
we have that a? — mb? > 0, and so if « is a unit, it must have norm +1. We now show that b must be zero by casework.

If m =1 (mod 4), then we have m < —7 since we’ve excluded the case m = —3. We also have a,b € %Z in this case. If
b # 0, then we have b2 > %, and so a? —mb? > 0+ % > 1, contrary to assumption. So b = 0 in this case.

Otherwise, m = 2,3 (mod 4), so m < —2 and a,b € Z. Then, if b # 0 we have a?—mb®>>2-1>1, again contrary to
assumption.

So, in either case we have b = 0. Then we need a? = 1, and so a = +1 which gives that & = £1 are the only possible units.
It is also clear that they are both units.

For the case m = —1, we have A N Q[¢] = Z[i] and we’ve seen that the units are precisely +1, &i. For the case m = —3,
we have A N QQ[v/—3] = Z[w] for w a primitive cube root of unity. Then the units are &1, +-w, +w?. O

Exercise (2.14).

Proof. We have that 1 4 v/2 is a unit since
(1+V2)(vV2-1)=2-1=1

But it isn’t a root of unity since 1++/2 is a real number greater than 1, so (1++/2)" > 1 for all n. Hence, the elements (1+4+/2)"
are distinct for all n, but they are all elements of Z[v/2]. So, there are integers a,,, b, € Z with (14 +/2)" = a,, +b,\/2. Taking
norms, we get:

02— 22 = N(1+V2)") = N(L+V3)" = (~1)"
So, this gives infinitely many solutions to each of a? — 2b* = 1 and a® — 2b? = —1 for integers a, b by taking n even and odd,
respectively. O
Exercise (2.15).

Proof. An arbitrary element of Z[\/—5] is of the form a + by/—5 and has norm a? + 5b. But there are clearly no integer
solutions to a? + 5b% = 2, 3, since such a solution must have b = 0, else a® + 5b% would be too large, but then a = \/5, V3,
which are not integers.

Now, to see that 2 - 3 = (1 4+ /—5)(1 — v/—5) is an example of nonunique factorization, it suffices to note that each term
is irreducible and that neither 1 + +/—5 is divisible by 2 in Z[v/—5]. The latter fact is obvious, and to note that the elements are
irreducible, we take norms:

N(2) =4 N@3)=9 N(1++v-5)=6

But then if « is a proper irreducible factor of one of these terms, we would get N(«) is a nonunit integer divisor of the
corresponding norm. But then N () has to be either 2 or 3, which we’ve seen cannot be. O



Exercise (2.16).

Proof. First, note that T'(a) = o + i — o — icx = 0. Similarly, we have T'(a?), T(a®) = 0. So, as suggested by the hint, write
V3 = a + ba + ca? 4 da®, and by linearity of the trace, we have T'(v/3) = a. On the other hand, we know that the only
conjugates of v/3 are £v/3, so T'(v/3) = 2(v/3 — v/3) = 0. So, a = 0.

Continuing with the hint, consider v/3/a = b + ca + da?. This has trace b. On the other hand, we have precisely four
conjugates:

+V3/a, +iV3/a

since these are all roots of 2¢t* — 9, which is irreducible since its reciprocal polynomial 9¢* — 2 is irreducible by Eisenstein
(p = 2). But the sum of these is also zero, so we get b = 0.

Similarly, we have v/3/a? = ¢ + da, and taking traces gives ¢ = 0 since the conjugates are ++/3/a?. Finally, we have
V3 = da?, and squaring gives 3 = d>a’® = 2d%a?, which contradicts linear independence of 1 and o over Q. O

Exercise (2.17).

Proof. Assume L/ K is a finite extension of degree n as usual. Note that K C K[«| C L is a tower of fields. Hence, in particular,
L is a K[a]-vector space, so we can choose a basis 31, ..., 3. Then, if « is an element of degree d over K (it must be finite
since L/ K is finite), then it satisfies a polynomial

ol + g0 44 g =0

Then, 1, q,...,a% ! is a basis for K[a] over K. Then the n = dr elements 3;a’ for 1 <i < rand 0 < j < d form a basis for
L over K. With respect to this basis, multiplication by « is block diagonal, with each block of the form:

00 0 O 0 —c
1 0 0 O 0 —a
01 00 0 —c
00 10 0 —c3
0 0 0 O 0 —Cd—2
00 0 O 1 —cq

and a total of r blocks (one for each ;). Then the trace of this block is —c4_1, which is the sum of the roots of the minimal
polynomial above of o, i.e. —c4_1 = t(«) as denoted in the text. This gives the equality on traces: T'(a) = 5t(a) = r(—cq_1),
which is the trace of the full block diagonal matrix.

The determinant is similar: the determinant of the above block is (—1)%cg, which is the product of the roots of the minimal
polynomial. In other words, we have N(a) = (n(a))"/? = [(—1)%]", which is the determinant of the full block diagonal

matrix. O

d

Exercise (2.18).
Proof. Suppose that 0;7; = 0,7, pointwise on M. Then, each 7, fixes L pointwise, so for £ € L, we have:
0i(€) = 0i(7;(0)) = 01 (7:(0)) = 0, ()

So, we must have ¢ = r since ¢; and o, act identically on L. In N, we can now compose with the automorphism o; ! to get
T; = Ts on M, which implies j = s, as desired. O

Exercise (2.19).

Proof. For the induction, note that if n = 1, we have that the determinant of the 1 x 1 matrix 1 is just 1, which is the product
over pairs 4, j of a; — a; (since it is the empty product).
Now, for the induction step, let

n
1 a ay~? L a =
A= : and B = :
1 n_l 1 an DR a:;:
an Gn 1 a e a
n+1 n+1



and we assume

det(A) = H (a; — ay)

1<i<j<n

Now, consider the polynomial:
n

f(t) = H(t — G/Z') =t" + Cnfltn_l + -4y

i=1

and define
1 0 0 Co
0 1 0 C1
C= :
0 0 1 Cn—1
0 0 0 1
Then, we have det(C) = 1, and so:
det(B) = det(B) det(C)
= det(BC)
1 a - a' f(a)
1 ay - ay™' f(az)
=det| . :
1 a, - a* ' flan)
I antr - CLZ_T_% flany1)
1 a - af! 0
1 ay - ay! 0
= det . . . .
1 a, - a*t 0
L angr - apyy flang)
= f(ant1) det(4)
=l —a)- ] (a5 —ai)
i=1 1<i<j<n
I (4—a)
1<i<j<n+1
as desired. O

Exercise (2.20).

Proof. First, note that f has no repeated roots. Indeed, if 3 € C is a multiple root of f, then f(z) = (x — 3)%g(z) for some
g € C[z]. Then f'(z) = 2(x— B)g(z)+ (x — B3)?¢’(z) has B as a root. In other words, both f and f are divisible by the minimal
polynomial of § in K[z], and since f is irreducible, it must actually equal the minimal polynomial of 5. But then f | f/, which
cannot be since deg(f’) < deg(f).

So, we have that

f@) =] - B8)

B

where the product ranges over all roots of f in C. Then,

and so

as desired. O



Exercise (2.21).

Proof. Let m € Z[z] be the minimal polynomial for «. Then, since f(a) = 0, we have m | f, so that f(z) = m(x)g(z) for
some polynomial g. By Gauss’ Lemma, g € Z[x] and is monic. Then,

N(f'(@)) = N(m'(a)g(a) + m(a)g'(a)) = N(m'(a)g(a)) = N(m'(a))N(g(a)) = £ disc(e) N (g(ar))
which shows the claim since N(g(a)) € Z. O
Exercise (2.22).

Proof. Note that

P = Z Hai(ag(i))

gEA i=1

where A,, is the alternating group of even permutations. Similarly, N is the same, but with g ¢ A,,. This makes it clear that
P, N are algebraic integers, since ach o;(«;) is, and these are in the ring they generate.

Now, fix a normal extension L of K/(Q. Let f be an automorphism of L. Then, for each i, f o 0; is an embedding of K into
C that fixes Q, so f o 0; = 0y,(;) for some h(i). Then h is a permutation since composing with f ~!inverts this association. So,

FPy=>" [ Floilaga)) = > th(i)(ag(i)) =Y [Ieilegon-1w)
geA, i=1 gEA, i=1 geA, i=1

Thus, if h is even, then f(P) = P and if h is odd, then f(P) = N. Similarly, we find that f(N) = N or f(N) = P in these
two cases, respectively.

So, f fixes both P + N and PN. Since f was arbitrary, P + N and PN are fixed by every automorphism of L, so
that P + N and PN are in Q. Finally, this gives that they are algebraic integers in Q, so they must be in Z. This gives
d=(P—N)?>=(P+ N)?—4PN is either 0 or 1 mod 4. O

Exercise (2.23).

Proof. The generalized definition for the discriminant should be the following: given an extension of number fields L/K of
degree n, consider the K-embeddings o1, ..., 0, of L into C. Define

disci (an, ..., an) = det((o3(0))i;)*

for any n-tuple of elements a1, ..., a, € L.
Then Theorem 6 generalizes immediately:

. L
disci (a1, ..., o) = det(TE(ia;))ij)
The proof is the same as in the text, since it makes no explicit reference to Q or Z.

Similarly, the corollary generalizes: disck (a1, . .., o) € K, and if each ; is an algebraic integer, then disc (aq, . . ., ay,) €
Ok, which follows from the above since T~ has image in K, and maps algebraic integers to elements of 0.

Theorem 7 now reads: discﬁ (a1,...,a,) =0iff g, ..., a, are linearly dependent over K. Again, the proof goes through
exactly as before.

Finally, theorem 8: Supposing L = K[a] and a4, . . ., v, are the images of « in C under the embeddings, we have

disck (L...,a" ) = J[ (ar—a,)? = ()" D2NE(f ()

1<r<s<n

where f is the minimal polynomial of o over K. The proof again requires little to no modification.
partb

partc O

Exercise (2.24).



Proof. As noted, any subgroup of Z is either trivial or infinite cyclic, and so is free abelian of rank 0 or 1. Now, suppose any
subgroup of 771 is free abelian of rank < n — 1,let H C Z", let 7 : Z"™ — Z be projection onto the first coordinate and let
K = ker(m). Then w(H) is a subgroup of Z, so it is either trivial or infinite cyclic.

Ifit is trivial, then H C K, so H is free abelian by the inductive hypothesis. Otherwise, choose h € H with w(h) generating
the image. Then H is the direct sum of (h) and H N K. Indeed, if g € H, then w(g) € w(H), so 7(g) = w(h") for some r. Thus
h™"g € ker(n) = K and is clearly in H, so g = h"(h~"g) is in (h) (H N K) as desired. Further, nothing is in the intersection
since 7(h") is nonzero for all nonzero r. Since H N K is a subgroup of K, it is free abelian of rank at most n — 1, so this gives
that H is free abelian of rank at most n. O

Exercise (2.25).

Proof. Since « is algebraic, it satisfies a polynomial with coefficients in Z (not necessarily monic) by clearing denominators. Le.
apa”™ + - +ara+ag=0
for some ao, . .., a, € Z and a,, # 0. Multiplying through by a”~! gives:
(an@)™ + an_1(ana)" ' 4+ ap_san(a,)" 2+ +a" tag =0

and this is an integral relation for a,a.
So,if {a1, ..., a} is a finite set of algebraic numbers, there are integers my, . . ., my, such that m;«; are algebraic integers
for all 4, whence ma; is an algebraic integer for all 7 for m = mq - - - my. O

Exercise (2.26).
Proof. O
Exercise (2.27).
Proof. O
Exercise (2.28). Let f(x) = 2 + ax + b, a,b € Z, and assume f is irreducible over Q. Let o be a root of f.

(a) Show that f'(a)) = —(2ac + 3b) /cv.

(b) Find Ng'“) (2ac + 3b).

(c) Show that disc(a) = —(4a® + 27b?).

(d) Suppose a® = o+ 1. Prove that {1, ., o2} is an integral basis for the ring of integers in Q[a]. Do the same if a3 + o = 1.
Proof.

(a) We have
af' (@) = a(3a® + a) = 3a® + aa = 3(—aa — b) + aa = —(2aa + 3b)

as claimed.
(b) Now, let a1, ao, 3 denote the three roots of f. Then,
f@)=T]@ - a)
and

N(2aa + 3b) = H(Zaozi + 3b)

I
|
o)
S)
w
\
/T\
I\D‘OJ
Q|
N~

27b3 b
— —sa* (-3 —age +)

=276 + 4a3b



(c) So, we can compute the discriminant, noting that N is multiplicative and N () = —b from the constant term of f:

2 b(27% + 4a3)

—~ = —(4a® + 270%)

2(L()é—|—3b) — _(_1)

disc(a) = =N(f'(a)) = =N <— =
as claimed.
(d) Finally, we consider the explicit examples. If o® = o + 1, then
disc(a) = —(4(—1)® +27(~1)*) = —23
This is squarefree, so we get that Z[a] is the ring of integers in Q(«). Second, if a® + a = 1, then
disc(a) = —(4- 13 +27(-1)?) = -31
which is also squarefree, giving the same result. O

Exercise (2.29).

Proof. In the first case, let R = Z[(1 + /m)/2] and S = Z[(1 + +/n)/2], and note these are the rings of integers in each
of their fraction fields. Then, disc(R) = m and disc(S) = n are coprime, so the ring of integers in Q(y/m,/n) is RS =
Z[(1 + v/m)/2, (1 + y/n)/2], which has integral basis:

) 1+vm 1+/n 1+ /m+/n+/mn
o2 T 2 4

and discriminant (mn)? by Exercise 23(c).

In the second case, let R = Z[(1 4+ 1/m)/2] as before, but let S = Z[/n] to be the corresponding rings of integers again.
Then disc(R) = m and disc(S) = 4n are again coprime, so the ring of integers in Q(y/m, y/n) is RS which has integral basis:

1 1
RS LIRSS LINT

and discriminant 16m?2n?2. O

Exercise (2.30). Let K = Q[v/7,1/10] and fix any o € AN K. We will show that A N K # Z[a]. Let f denote the monic
irreducible polynomial for o over Z and for each g € Z[x] let G denote the polynomial in Z3|x] obtained by reducing coefficients
(mod 3).

(a) Show that g() is divisible by 3 in Z|a] iff g is divisible by f in Z3[z].

(b) Now suppose Z N K = Z|«]. Consider the four algebraic integers

a1 = (14+V7)(1 +V10)
az = (1+V7)(1 - V10)
az = (1 - V7)(1+V10)

( )(1 - v10)

Show that all products c;ouj (i # j) are divisible by 3 in Z[«], but that 3 does not divide any power of any «;.

(c) Let oy = fi(a), fi € Z[z] for eachi = 1,2,3,4. Show thag | fif; (i # j)in Zs[z] btﬂ?fﬁn Conclude that for each i ,
f has an irreducible factor (over Zs3) which does not divide f; but which does divide all f; , j # i.

(d) This shows that f has at least four distinct irreducible factors over Z3. On the other hand f has degree at most 4. Why is that
a contradiction?

10



Proof. We show the first claim. Suppose g(c) is divisible by 3. Then there is some 3 € Z[a] with g(a) = 33, and 8 = h(«) for
some h € Z[z]. Then « is a root of g(x) — 3h(z), so f | g — 3h. Reducing mod 3 gives f | g as claimed. Each of these steps is
reversible: if f | g, then f | g + 3h for some h, whence g(a) + 3h(a) = 0, ie. g(a) = —3h(a) is a multiple of 3.

For the second, note that (1 ++/7)(1 —v/7) = —6 and (1 + v/10)(1 — v/10) = —9 are both multiples of 3, so each product
oo is a multiple of 3 since each product consists of at least one of these pairs of terms. On the other hand, we do have that
the o are a full set of conjugates, so the trace of o’ is

ol +aj +aof +ay

On the other hand, we have
"= (a1 +astazta)"=af +ay +af +af +---

where the excluded terms, from the binomial theorem, each include the product of two different terms. In other words, each
term in the “- - - ” is a multiple of 3 in Z[a], so we can write the trace as 1 4+ 3/ for some 8 € Z[a]. By unique representation of
numbers in Q(«), we thus have that 5 € Z, since the trace is an integer. Le. the trace is 1 mod 3 and therefore not a multiple
of 3. So, o is not a multiple of 3 in Z[«].

The next result is immediate by combining these two: for ;; = f;(c), we have that 3 divides a;j, so f divides f; fjin
[F3]x], and 3 does not divide a7, so f does not divide f;. Since F3[z] is a UFD (even a PID), we have that this latter statement
implies that there is a prime ; that divides f but not f;. But then ; divides f; f;, so it divides f; for all j # 1.

Finally, we have that f is divisible by the four (distinct) primes 71, ..., m; and hence their product. These cannot all be
degree 1, since there are only three degree 1 monic polynomials in F3[z]: x, 2 4+ 1,z + 2. So, at least one has degree 2, whence
the product has degree at least 1 + 1 4+ 1 + 2 = 5. But f is the minimal polynomial of «, and so has degree 4. This gives the
contradiction. Thus the ring of integers is not monogenic. O

Exercise (2.31).

Proof. Let a = (\/3 + \ﬁ)/2 Then,
40% =10+ 2v21

so that:
84 = (4% — 10)? = 16a* — 8002 + 100

ie.
at—5a24+41=0

so that v is an algebraic integer. But aisn’t in RS where R = Z[v/3] and S = Z[/7] are the rings of integers of their respective
fraction fields, despite o being in the compositum field. O

Exercise (2.32).

Proof. Let w be a primitive cube root of unity, and let o = /2 be the (real) cube root of two. Then Q(a) and Q(w«) are fields
of degree three over Q, while the compositum is Q(«a, w) has degree six over Q. [

Exercise (2.33).

Proof. Note that the norm is the product of the conjugates, and that we’ve determined the conjugates of w to be precisely w*
for 1 < k < m coprime to m. But if (k,m) = 1, then (m — k,m) = 1, and m — k # k since otherwise m = 2k and
(k,m) =k =m/2 > 1. This gives a pairing on the set of conjugates, so we get:

N(w) = H = H whwmF =1

1<k<m 1<k<m/2
(k,m)=1 (k,m)=1

since each term equals 1. O

Exercise (2.34).
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Proof Leta=14+w—+---+ wh=1. Since m and k are coprime, there are a,b € Z with am + bk = 1. Then, let

B=1+wk+w ... oDk

Then,
k—1 b—1 k—1b—1 bk—1 _
Z i Z ik ZZ ki Z ., 1=whh 1 wlmem 1y
i=0 j=0 i=0 j=0 n=0 i - -

for n = jk + i - the ranges for 1, j biject via this map onton =0, ...,bk — 1.

For the second half, note that we have

For such a k, we have:
Q+w+ - +*" Hl-w)=1-u*

and we’ve just shown this first factor is a unit. So, 1 — w* = uy (1 — w) for a unit uy, for each such k. So,

p= H ug(l —w) =u(l —w)”

1<k<m
ptk

where u is the product of the u; and hence a unit, and n = p(m) is the number of terms in the product. O
Exercise (2.35).

Proof. Since wf = w? + 1, we have that w is a root of 22 — fz + 1.

Second, note that w = w™!,andso § = w+w~! = w ! +w = 0,50 § € R. Then, we have Q(f) C Q(w) NR C Q(w),
and the last inclusion is proper since w ¢ R. But the tower has degree at most 2 since w satisfies a degree 2 polynomial over
Q(), and so we must have the degree is exactly two and the intermediate degrees are 1 and 2, respectively, ie. Q(6) = Q(w)NR.

Note o has order 2, so the fixed field K has degree 2 as a subfield of Q(w). Further, o(6) = 6 as we’ve already noted, so
0 € K which gives Q(0) C K C Q(w), and the degrees again force K = Q(6).

In one direction, we have:
ANQJ6) C Q[f] C Rand ANQJH) C ANQw] = Zlw]

Conversely:
RNZw CRNQw] =Q[f] and RN Z[w] C Z[w] C A

so the two sets are equal.

More generally, let B be a ring with a subring A such that B is a free A-module, and let v € B be a unit. Then, if {b;} is a
basis for B over A, then {b;u} is also a basis for B over A. Indeed, it spans, for if b € B, then bu~! € B, so there exists a; € A

with
bu_l = Z a; bl
and multiplying by u gives the result. Further, they are independent, for if

Z a;bju =0

then multiplying through by u~! gives a relation on the original basis, whence each a; is zero.

So, {1,w,w™t, ...,w" 1 w!=" w"} is an integral basis since it is obtained from the usual basis {1,w,...,w?" "1} by
multiplying through by the unit w!~".
Finally, to see that {1,w, 6, 0w, ..., 0"~ §"~1w} is a basis, we want to express each element in terms of the previous basis.

Half of the terms are just powers of 6, which can be evaluated:

=0

12



and so this column of the change-of-basis matrix indeed has integer entries, and further, the exponents are in the range
—k, ..., k, so this column has all zeros below the main diagonal. The following column is #*w, which is given by taking
this column and shifting each entry down one position. Hence, the entire matrix has integer entries and is upper triangular. So,
the determinant is the product of the diagonal, which is the coefficient of w ™% in 6%, which is 1 for each term. So, this matrix
has determinant 1, showing that this set has the same discriminant (and so is also a basis).

We know that Z[0] C Q(6) N A since each of these are algebraic integers in this field. We’ve also shown that Q(0) N A =
Z[w] N R, and any element of this ring is a Z-linear combination of #* and #*w for k = 0,...,n — 1. Let = be such an element,
and group terms, so that

r=(ag+ -+ an 10" ) Fwlbo+---+b, 16"

for integers a;, b;. But if the first parenthesized term is already in R since Z[f] C R, so in order for z to be in Z[w] N R, we
must have that the second term is also real. But it is a real multiple of w, which can only be real if it is zero. So, we get that

T=ap+ - +an_10""" € Z[6]
as claimed.
Finally, we consider m = p for an odd prime p, so that n = ¢(m)/2 = (p — 1)/2. Now consider the tower of fields

Q C Q(0) € Q(w). Then 1,0, ...,0" ! is a basis for Q(#) over Q, and 1,w is a basis for Q(w) over Q(6). So, by exercise 23,
we get:

: w n— n— . 0 n— 2 0 s w
dlsc%( )(1,w,9,9w,...,0 Lontw) = (dlSC%( )(1,9, ..., 0 1)) Ng( ) (dlscggg))(l,w))

The LHS is the discriminant of an integral basis of Q(w), which does not depend on the basis, so we have that it equals

(—1)"pP~2. For the final term, we can compute directly. For brevity, let T' = T?"SE;))). From the constant term of the minimal

polynomial 22 — #z + 1 of w over Q(#), we can see that the other conjugate of w is w ™. Thus,

2
. Qw 1w _
dlscgge))(l,w) = det < 1wl ) = (w—w1)?

Now we need to take the norm. By transitivity, we have:

Ng(w)(u} —w )= Ng(e)(Ng((;))) (w—w™)
= N¢(w - (™! - w))
= NgV(~(w-w)?)
= (—1)nN8(0)((w — w2

So, it suffices to compute this first norm. Directly, we get:

p—1
NG w—-w ) =[] -
1=1
p—1

— wa;lZ H(]_ — wizi)

i=1
p—1
— P=1)p/2 H(l — w2
i=1

=p

since the exponent on w is a multiple of p, and the product is the evaluation of (z? — 1)/(z — 1) at & = 1, since it has all the
primitive pth roots of unity as zeros.
Finally, we combine all of our computations to get:

2
(~)" = = (dised® (1,6,....0" 1)) (1)

and so
disc(0) = disc3 " (1,0,...,0""1) = p*=3/2

as claimed. O
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Exercise (2.36).

Proof. First, we show the set spans. Let v € Ry11. Then () € m(Ri41), so w(y) = an(f) since 7(/3) generates the image.
Now, 7(y — af}) = 0,s0 v — af8 € ker(7) N Ri41. But ker(w) = Fi,s0v — af € Fi N Rgy1 C F, N R = Ry. The remaining
terms in the set form a Z-basis for Ry, so this shows that
! 1
7:a5+ (a0_|_a1fl()+..._|_ak_1fkl()>
dy di—1
for some a; € Z. So it spans.
Further, the set is independent. Indeed, if

fr—1(a)

0=aB+ao++ari
dr—1

Then, applying 7 gives 0 = an(/3) since each f; has degree i < k. But m(3) generates the infinite cyclic image, so we must
have a = 0. Then the relation above becomes a relation on the remaining terms, which were known to be independent. So
a; = 0 for each i as well; thus the described set is a basis. O

Exercise (2.37).

Proof. Let h = f — g. Then h has degree < n as well, but h(a) = f(«) — g(a) = 0. So h cannot be nonzero, else the degree of
« would be smaller than n, i.e. h = 0, so that f = g. O

Exercise (2.38).

Proof. That this set is a basis is clear from the proof. Now, since d; | -+ | dx—1, we have that d,_1 Ry C Z[«a]. Conversely,
suppose that m Ry, C Z[«]. Then, in particular, %;71(104) € Ry, s0 7" fr-1(a) € Z[a. Since f—; has degree k —1 < n,and a

is an algebraic integer of degree n, we have that the representation given here is unique, i.e. this is an element of Z[a] iff each
coefficient is an integer. Finally, fx_1 is monic, so the leading coefficient gives m/dg_1 € Z, i.e. di—1 | m, so m > dj_;.
This shows that dj,_; is the smallest integer with the desired property. O

Exercise (2.39).

Proof. Since each g;(a)/d; is an algebraic integer and the set { f;(«)/d;} is an integral basis, there is an integer matrix A such
that
gi()/d; =" Aijfile)/d;

It suffices to show det A = 1. But since g; is monic of degree j, f; is monic of degree 4, and 4, j < n are all less than the degree
of a, we get that A must be upper triangular with each diagonal element equal to 1. So, det A = 1 as claimed. O

Exercise (2.40).

Proof. 1t’s clear that the f; form an integral basis for Z[«]. Then,

L hl@)  faa()

disc(a) = disc(1, fi(a), ..., fn1(a)) = (di - dp_1)* disc ( S R e ) = (dy---d,_1)*disc(R)

With respect to the basis 1, fi(a)/dy, ..., fn—1(®)/dn—1, R is generated freely by the vectors e, ..., e,—1 and Z[a] is
generated freely by eg,dye1,...,dn_1e,—1. So, the quotient is the product of the cyclic groups Z/d;Z fori = 1,...,n — 1.
Thus, R/Z[«] has order dy - - - dy, 1.

For i, j with i+ j < n, we have f;(«)/d; and f;(«)/d; are in R, so their product is as well, i.e. fi(a)f;()/(d;d;) € R. But
this is d;d; over a monic polynomial in « of degree i + j, so the leading term comes from an integer multiple of f;; ;(c)/d;+ ;.
Le. there is some n € Z with n/d;; = 1/(d;d;), so that d;; = nd;d;. This shows d;d; | d;; as claimed.

Finally, similarly, we have (fi(«)/d1) is in R, and it is a monic polynomial in o of degree i divided by d¢, so we have
n/d; = 1/d; for some n € Z. le. ndi = d;, so d} | d; as claimed. Thus, d3' | d? for each 4, and taking the product
1=1,...,n —1gives:

n—1
d§+4+...+2(n—1) | H d? | disc(a)
i=1

14



where the final divisibility comes from the first part and the fact that disc(R) is an integer. But the first term here is dﬁ"f”",

so this gives the claim. 0
Exercise (2.41).

3

Proof. The minimal polynomial for « over Q is f(x) = 2° — m, so we can compute the discriminant (since « has degree 3) via:

disc(a) = =N (f'(a)) = —=N(30*) = —27N(a)? = —27m?

where N(a) = m again comes from the minimal polynomial. Hence, from the previous problem, we get d¥ = d?("_l) |
disc(a) = —27m?. Since m is cubefree, m? is sixth-power-free, i.e. the only possible prime divisor of d; is 3, and 9 { d; since

312 J(33m2. So, d; = 1 or dy = 3, and in the latter case 9 | m.

Suppose that d; = 3, so that 9 | m. Then the first basis element is 5 = f1(«)/d; = (o + b)/3 for some b € Z. Then,

1
B = E(m +3a%b + 3ab® + b°)
We have T'(a) = 0 from the minimal polynomial. We have (a?)® — m? = 0 and a? has degree 3 over Q since Q € Q(a?) C
Q(a). So, * — m? is the minimal polynomial of o, which gives T'(a?) = 0 as well. Thus,

m+ b3
9

_1
o7

T(6%) (3m + 3b%) =

Since 9 | m and T'(8%) € Z, we have 9 | b3,ie. 3 | b. So,b/3 € Z C R,so /3 = B —b/3 € R,but a/3 ¢ R, since it has
minimal polynomial 23 — m,/27, which doesn’t have integer coefficients. So, the contradiction gives d; = 1. By exercise 39,
we may assume fi(x) = x.

Note that
(@?/k)3 =a®/k3 = m?/k® = W2k Jk® = WPk € Z

So, o /k satisfies #3 — h?k and is an algebraic integer. Note that this gives & | da.
Consider m = 41 (mod 9). Then, for 3 = (a F 1)?/3, we have
1+2m (mF1)?
o7 (33 — 32 _

<ﬂ i 3 b 27

= (38)* = 3(38) + 3(1 £ 2m)(38) — (m F 1)?

=(aF 1) =3axF)* +3(1+2m)(aF1)* - (mF1)?

= (a® F6a° + 150" F 200> + 1502 F 6o + 1) — 3(a* F 40> + 6% F4a + 1)
+(3+6m)(a® F2a+1) — (m* F2m + 1)

= (F6m + 15 — 18 + 3 £ 6m)a’® + (15m F 6 — 3m £ 12 F 6 — 12m)a
+ (m*F20m +14+12m — 34+ 3+ 6m —m? +2m — 1)

=0

So, /3 satisfies this polynomial. We have 1 + 2m = 3 (mod 9), so the linear coefficient is an integer. We also have m 1 =0
(mod 9), so its square is a multiple of 81, hence the constant term is an integer (even a multiple of 3). So 5 € R.

Since m = £1 (mod 9), we have 3 { k. So, k¥ = 1 (mod 3), whence there is some n € Z with k? — 1 = 3n. Then, since
a,a?/k, B € R,sois k3 — na’/k + ka. But this is:

k(aF1)? B LOP 4 ko — k?a? F 2k o+ k? — 3na? £ 3k%a o £ k2o + kP
3 k B 3k B 3k

2
kB — ne 4 ka =
k
as claimed.
From the previous problem, we get that d3 | disc(a) = —27m?. So, for each prime, we have 2v,(d2) < 3v,(3) + 2v,(m).

For p # 3, this gives v, (d2) < v,(m) = v,(3m) as desired. For p = 3, we have v, (dz2) < 3/2+v,(m), sov,(d2) < 14v,(m) =
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vp(3m) as well, since the equation is in integers, and so we get da | 3m.

Since p | da and f2()/d2 € R, we have v = (a? + aa + b) /p = fa(a)/ds - (d2/p) € R as claimed. We already computed
T(a) = T(a?) = 0,50 T(y) = 3b/p € Z. So, p | 3b, and since p # 3 we have p | b. So b/p is an integer and so v — b/p € R
whence (7 — b/p)® € R. We have

53 a%+3aad® +3a%at + a*a®  3ama® + 2a*ma + (m? + ma?)
(v—0b/p)’ = o = o

So, taking traces gives p> | 3m(m + a3). Since p # 3 we get p® | m(m + a®) again. Since p | m but p? { m, this gives
p? | m+a®. But again, p | m, so this gives p | a®, sop | a, so p® | a®. But then p? divides both m + a® and a?, so we get p? | m,
contrary to assumption.

Now, suppose p # 3 and p? | m. Then p? | hk?, so p? | h or p? | k2, but not both since they are coprime. But the first is
impossible since & is squarefree, so p | k | do. We want to show p? t da, so suppose p? | do for contradiction. Mimicking the
argument above, we have f(a)/p? € R, so by taking traces we get p? | 3b, whence p? | b and so (a? + aa)/p? € R. Cubing
again gives:

m(a® + 3aa® + 3a%a + a®)
g
So, taking the trace gives pb | m(m + a®). So, p* | m + a3, so p | a?, so p? divides both m + a® and a®, whence p* | m,
contradicting that m is cubefree.

€ER

As suggested, we note that (fa(a)/d2)? € R, and we know da R C Z[a], so:

ot +2a0® + (a® + 2b)a? + 2aba + b?  (a® + 2b)a? 4 (2ab+ m)a + (b* 4 2am)

A 7 € Zla]

So, by uniqueness of representations, we get that dy divides each of a? + 2b, 2ab + m, and b2 + 2am, as desired.

Everything we’ve done has shown that for p # 3 prime, that v,(d2) = v,(k) = v,(3k). Finally we do the casework to
determine v3(ds). First, suppose m = 41 (mod 9). Then, we have 3 | dy since we’ve shown that (o + k?a + k?)/(3k) € R
in this case, but we have 9 { ds since do | 3m. We also have vs(k) = 0 since 3 { m, so we get v3(d2) = 1 = v3(3k). Hence in
this case do = 3k and we get the integral basis:

o? £ k2o + k2
17 a? - o1.
3k
in this case.

In all other cases, I will show that vs(d2) = vs(k), so that do = k. Then, we will conclude that

1 -

y O L

is an integral basis for R over Z. Our second case is when m = 4,7 (mod 9). Suppose 3 | d2. Then 3 1 b, else 3 divides both b,
and 2ab + m, whence it divides m, contrary to assumption. Then, b = a®> = 1 (mod 3),and 1 = m = ab = a (mod 3). So

(a—1)2 a2—2a—|—1_a2+aa—|—b_(a—|—2)a+(b—1)

3 3 3 3 €R

since the first term is our basis element and the second is in Z[a] since 3 | a + 2,b — 1. Then we also get (o — 1)®/81 € R, and
so taking the trace gives:
3(28a® — 56a% + 1)  28m? — 56m + 1
81 - 27 ©
S0,27 |m? —2m+1=(m—1)%509|m—1,ie. m =1 (mod 9), contrary to assumption. So, we get 3 { dy and k | da
gives 3 1 k, so that v3(dz) = 0 = v3(k) as claimed.

Z

Third, suppose m = 2,5 (mod 9), and again suppose 3 | dz. The same calculations above apply to get b =1 (mod 3) but
now give 2 = m = a (mod 3) this time. So,

(@+1)? o?+2a+1 _a2+aa—|—b_ (a—2)a+(b—1)

3 3 3 3 € R
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for the same reason as before. So, the fourth power is in R, and its trace is an integer, i.e.

28m? + 56m + 1 .
27

Z
whence 27 | m2+2m+1 = (m+1)%,509 | m+1,s0m = —1 (mod 9), contrary to assumption. So again v3(ds) = 0 = v3(k).

Fourth, suppose m = +3 (mod 9). Then again 3 { k, since otherwise 9 | k? | m. Suppose 3 | do. Then, we have
b =am =0 (mod 3),s03 | b,and a®> =b =0 (mod 3), so 3 | a as well. So,

o? o?+aa+b aa+b

3 3 3

€ER

But this means m?/27 = (a?/3)3 € RNQ = Z, so 27 | m?, s0 9 | m, contrary to assumption. So, 3 { do, and
v3(dz) = 0 = v3(k) again.

Fifth and finally, suppose m = 0 (mod 9). Then 3 | k | dz and 9 { k since it’s squarefree. It suffices to show 9 t da, since
then v3(k) = 1 = v3(dz) and the proof will be complete. So, suppose 9 | ds. Then,

at = (—2b)2 = 4b> = 4(—2am) =0 (mod 9)

s0 3 | a, so that b = 5a® = 0 (mod 9). Then fa(a) — b/9 = (a? + aa)/9 € R, and so its cube is also, so its trace is in Z. Le.,
3% | m(m + a®), so 3% | m + a3, but then 3 | a and 33 | @3, so that 3% | m, contrary to m being cubefree. So, finally, we get
9 1 dy as claimed, completing the proof. O

Exercise (2.42).

Proof. One direction is clear. Suppose o € R. Then N& \/m)(a) is the product of (some of the) conjugates of «, which are all

algebraic integers, and so the product is also an algebraic integer. Similarly, T& ) () is the sum of algebraic integers, and so
is also an algebraic integer.

Conversely, suppose that both this trace and norm are algebraic integers. Then consider the (monic) minimal polynomial
of @ over Q(y/m). Since [K : Q(y/m)]| < 2, this polynomial has two coefficients other than the leading coefficient, which are
therefore this norm (the constant term) and trace (the linear term). Le. « satisfies a monic polynomial with algebraic integer
coefficients, so that « is itself an algebraic integer (see, e.g., exercise 4). Note that this proof only relies on Q(y/m) C K being
a degree 2 subextension. So, we reach the same conclusion about /72, V/k.

Consider the case m = 3 (mod 4) and n,k = 2 (mod 4). Let @ € R, so a = A + By/m + Cy/n + DVk for some
A, B,C, D € Q (since vk is a Q-multiple of \/mmn). Then, all of the traces are algebraic integers, so 24+ 2C'\/n, 2A+2B+/m,
and 24 + 2Dk are all algebraic integers. Since m, n, k are squarefree and not congruent to 1 modulo 4, we get that each of
the coefficients are integers, i.e. A, B,C, D € %Z, which gives the first result:

at+bymteyn+dvk
B 2

for a,b, ¢, d € Z. Then, taking the trace over Q(1/m) gives that

a+bym+ceyn+dvk a+bym—cyn—dvk

2 2
(a4 bym)? — (ey/n+ dVk)?
B 4
_a® 4 2aby/m + mb* — ne® — 2cdv/nk — kd?
B 4
(a® + mb? — nc? — kd?) + (2ab — 2cdn/ ged(n, m))/m

4

is an algebraic integer. Le. 4 | a? + mb? — nc® — kd? and 4 | 2ab — 2cdn/ ged(n, m). Since m is odd, ged(n, m) is odd, so
2¢dn/ ged(m, n) is a multiple of 4. So, 4 | 2ab, so 2 | ab, and at least one is even. We have:

2(c* +d*) =nc® + kd*> = a®> + mb* =a® —b*>  (mod 4)
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But then a2 — b2 iseven,soa = b (mod 2). Since one is even, both are. Thus the above equation is zero throughout (mod 4),
so c? + d? is even, which means ¢ = d (mod 2) as well. Conversely, if a, b are even and ¢, d have the same parity, then it is
clear that N& ) () is an algebraic integer. Thus, « is a Z-linear combination of

k
1y, v, Y
and each of these is an algebraic integer. So, it’s an integral basis.

CASES C,.D OMITTED FOR NOW.

Note that Q(y/m, v/n) = Q(y/m,Vk) since \/n = ged(m,n)vk/\/m. So, we can interchange n, m, k in any order.
Thus we’ve covered all cases. Indeed, we summarize the cases for m,n,k (mod 4) in the below table, using the fact that
k = nm/ ged(m,n)?, along with which case (b/c/d) covers it:

Case
(d)
(©)
(c)

(b).(c)
(b)
(©)

In particular, if m, n are not both even, then ged(m, n) is odd, so ged(m, n)? =1 (mod 4) and k = mn (mod 4).

m

W WM WM =3
—_ H —_
NHUON Nl

W DN DN ==

In all cases, we have

discl (1,v/m, v/, v/mn) = discg ™™ (1, Vm)2NZY™ (disch ) (1, v/n)

= (4m)2NgY™ (4n)
= (16mn)?
Multiplying the last term by 1/ ged(m, n) gives:
16 2
disc(1, v/m, v/n, Vk) = _(16mn)” = 256mnk
ged(m,n)?

We adjust this for each of the following cases.
In case (b), we can write the basis in terms of our given elements using the matrix:

100 0
010 0
00 1 1/2
000 1/2

Thus, the discriminant of the ring in case (b) is 256mnk/2? = 64mnk as claimed. In this case, the three quadratic subfields
have discriminants 4m, 4n, 4k, respectively, so we get 64mnk = (4m)(4n)(4k), also as claimed.
In case (c), we have the change of basis matrix:

1 1/2 0 0
0 1/2 0 0
0 0 1 1/2
0 0 0 1/2

Thus, the discriminant of the ring in case (c) is 256mnk /4% = 16mnk = (m)(4n)(4k).
In case (d), we swap n, k in the basis and have the change of basis matrix:

1 1/2 1/2 1/4
0 1/2 0 1/4
0 0 0 1/4

0 0 1/2 ged(m,n)/4

Thus, the discriminant of the ring in this case is 256mnk/(—16)? = mnk, which is exactly the product of m, n, k, the discrim-
inants of the quadratic subfields. O
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Exercise (2.43).

Proof. We have:

disc(a) = N(f'()) = N(5a* +a) = N(5]O\;(O; w0 _ N(5(7aa_7b bFaa) N(4a(Z +5b)

To find this last norm, we need to multiply the conjugates. We have:

J(@) = [ - o)

i
where the «; denote the five conjugates of a. So,

N(dao + 5b) = H(4aai + 5b)

3

= (—4a)® H (—iz — ai>

= 5°0° 4 (45 — 4°)a®b

So, overall, we get:
5505 + 44a5b
disc(a) = # = 5" +4%a®

as claimed.
When a = b = —1, disc(a) = 5° — 4* = 3125 — 256 = 2869 = 19 - 151, is squarefree. So, the ring of integers is Z[a/].

In this case, we have
disc(a) = a*(4*a + 5°)
The latter factor is squarefree, and a is squarefree, so disc(R) must be one of disc(a), disc(a)/a?, disc(a)/a*. 1e. we have
dy | dy | ds | dy and (dydadzdy)? is one of 1, a2, a*, i.e. dydadsd, is one of 1, a, a?. This forces d; = 1, since d} | dydadsdy | a®
and a is squarefree. Similarly, do = 1 since d% | didadsdy a?. So, we're left with dsdy = didadsdy | a? as claimed.
For the explicit computations, first note the hint is true, for if m is not squarefree, then it is divisible by p? for some prime p.
Then either m = p® isa square, or else m/ p? has a prime factor q. If r is the smallest prime divisor of m, then m > p2q > 13,

sor < /m.

Let v = 4*a + 5°. We're considering —20 < a < 0, so v < 5° = 3125 and

44 213 8192 10000
>5[ —-20—+1) =5 -20=— +1) =5°(-20 1) >5%(-20 1) =-5°
7 ( 5 ) ( T ) 100000 100000

So, we only need to consider primes p with p® < 5°. Since 5° = 3195 < 4096 = 2'2 = 163, we only need to consider
p=2,3,5,7,11,13. Clearly 4*a + 5° isn’t a multiple of either 2 or 52, so we only consider p = 3,7, 11, 13.
We’ll compute the cases directly. When a = —2:

4*q +5° = 3125 — 512 = 2613 =3 - 13 - 67

which is clearly squarefree.
When a = —3,
4*a 4 5° = 3125 — 768 = 2357

This isn’t divisible by either 3 or 11 (considering the sum and alternating sum of the digits). If 7 | 2357, then 7 | 2350 = 10-5-47,
but clearly it doesn’t divide any of these factors. Similarly, if 13 | 2357 then 13 | 2370 = 10 - 237, so 13 | 237. But then
13250 =2- 53, which it doesn’t. We’re done if v is not a square, but v = 2 (mod 3), so it cannot be a square. So, in this case
7 is squarefree.
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When a = —6,
4% +5° = 3125 — 6 - 256 = 1589 = 7 - 227

and 227 is prime so v is squarefree.

When a = —7,
4la+5P=a+2=1 (mod 3)
4045 =(-2)°=-32=3 (mod 7)
4% +55=162-4+252-5=52-4432.5=3-44+9-5=14+1=2 (mod 11)
4*a+5°=162-6+252-5=9-6+5=7 (mod 13)

So it isn’t divisible by any of these primes and isn’t a square since 3 is a quadratic nonresidue mod 7.
When a = —10,
4*a +5° = 3125 — 2560 = 565 = 5 - 113

which is again clearly squarefree.
When a = —11,
4*a + 5% = 565 — 256 = 309 = 3 - 103

which is squarefree.
When a = —13,
4%a 4+ 5° =309 — 512 = —203 = —7-29

which is squarefree.
When a = —15,
4%+ 5% =—-203—-512=—-T15=—5-143 = —5-11-13

which is squarefree.

Ignoring the hint, we have:

N(i+a) =[] +a:) = (-1)° H(*l —ai) = —f(-1)==((-1)> +a(-1) +a) =

1
so 1 + « is a unit.
Exercise (2.44).

Proof. As above, we have:
disc(a) = N(f'(a)) = N(5a* + 4aa®) = N(a)>N (5o + 4a) = (—b)>N(5a + 4a)
and we compute the second term by considering the conjugates:

N(5a+4a) = H(Bai + 4a)

7

= (-5)° [ (~4a/5 — )

g

= 5% f(~4a/5)
5[ 4%a° 4%t

=4%a® — 4*5a° — 5°b
=4*(4-5)a’ - 5°
= —(4*a® + 5°b)

So, overall,

disc(a) = b3(4%a® + 5°b)

20



As before, we have
b3(440,5 + 55b> = (d1d2d3d4)2 diSC(R)

where dy | da | d3 | dy. Suppose p is a prime divisor of d3. Then p | da, so p* | (dsds)? | b3(4*a® + 5°b). Since b and 4*a® + 5°b
are squarefree, this is only possible if each is divisible by p (and not p?, of course). But then p | 4*a® | (2a)%, so p | 2a, which
contradicts ged (b, 2a) = 1. So, such a prime cannot exist, i.e. d3 = 1, and since d | d2 | d3, they are all equal to 1.

Finally, we have d3 | b3(4%a®+55b). If p | dy, then p? divides this expression, and so p divides both b and 4*a®+55b. Further,
p? 1 dy in this case, else we would again be in the above case where b3(4%a + 5°b) is divisible by p*. So, v,(ds) = 1 = v, (b),
whence dy | b.

When a = —2 and b = 5, we get

disc(a) = 53(4*(—2)° + 5°(5)) = 53(15625 — 8192) = 53 - 7433

and 7433 is squarefree since it isn’t divisible by any of 2, 3, 5, 7, 11, 13, 17, or 19, while 7433 < 8000 = 203, and 7433 = 2
(mod 3) so it isn’t a perfect square.

For the case a = b, disc(a) = a*((4a)* + 5°) = (didadsdy)? disc(R). If a and (4a)* + 5° are squarefree, then d |
a*((4a)* + 5°), implies that dy = 1, which gives d; = 1. So, we have (dsd4)? | a*((4a)* + 5°). For each prime divisor p of
dsdy, we have 2v,,(dsds) < 4v,(a) + vp((4a)? + 5%) < 4v,(a) + 1. Since these are integers, this gives 2v,(dsds) < 4v,(a),
ie. vy(dsds) < vp(a?), and since this is true for all primes, we get dsdy | a®.

Similarly, when a = —b, disc(a) = a*((4a)? — 5°) = (d1dadzds)? disc(R). So, if a and (4a)* — 5° are squarefree, then
dS | a*((4a)* — 5%),s0dy =1 = d; = 1. Then d3dy | a? as in the previous case.

Finally, in the case a = b, we have a(a* + 1) = —a®. Taking norms gives:
N(=a®)  (=1)°N(a)® _ —(=a)°
N(a*+1) = = = =1
(a®+1) N(a) a’® a®
so a* + 1 is a unit. In the case a = —b, we have a(a* — 1) = —a?, so
N(=a®)  (=1)°(=a)
N(a*—1)= = =1
(a ) N(a) ad
so a* — 1 is a unit. ]

Exercise (2.45).

Proof. We repeat the process in the past few problems. If « is a root of an irreducible polynomial f(z) = z™ + ax + b for
a,b € Z, then

disc(a) = (*1)(n2in)/2N(f/(Oé))
_ (_1)(7,,2—n)/2N<nan—1 + a)

_ (n2—ny/2 N (na” + aa)

(=1) ~ N@)
B n2—my /2 N (n(—aa —b) + aa)
= (=1) )/2 C
B n2+my 2 N(a(l —n)a —nb)
- (_1)( +n)/ ;

Then, letting a1, . . ., v, denote the conjugates of o, we have
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and so

—[am—wnwfm—m)

~lon =" (s )

n " n"b" nb
=a"(n—-1) <a”(1—n)" Jraa(l—n) +b>
(=nb)" + (n — 1)" " 1a"b(n — 1 —n)
(—nb)" — (n —1)""a"b

So, overall, we get:

dise(a) = (~1) /20 (nb* D0 (gt =m/2 (gt — (1) — 1) ")

Note that this agrees with our previous cases: when n = 3 (see exercise 28), we get
disc(a) = (—1)3(3%? — (—1)32%a®) = —(27b* + 4a®)

and when n = 5 (exercise 43):

disc(a) = (=1)1°(5°b* — (—1)°4%a®) = 5°b* 4 4%a®

Similarly, suppose now that « is a root of the irreducible polynomial f(z) = 2™ + az™~! + b with a, b € Z. Then, writing
the roots of f as a1, ..., a,, we get:

2

DTN (f (@)

1)( n?—n 2N (na™* + (n — 1)aa""2)

1) ="/2N ()" 2N (na + (n — 1)a)
1)n7n/2 anHnai n—l )

disc(a) = (—
= (-
= (=
= (-

= (1)t 2npn=2(_pyn H (1 7_1 Ta- Oli)

_ (_1)(—n2+n)/2bn—2nnf (1 — na)

n
n

1— 1— n—1
— (_1)(—n2+n)/2bn—2nn (( n) a® + a( n) a" ! —|—b>
n

n nnfl

(_1)(—n2+n)/2bn—2((1 _ n)n—lan(l —n4+ n) + bnn)
(_1)(n2—n)/2bn—2((_1)n—1(n _ 1)n—1an + ’I’Lnb)

This agrees with the previous exercise when n = 5:

disc(a) = (=1)'193((—1)*4%a® + 5°b) = b3(4%a® + 5°b)

Exercise (2.46).

Proof. Since f'(r) = 0, we have f'(x) = (z — r)g(z) for some g € Q[z]. Since r € Z, ' and « — r are in Z[z], so by Gauss’
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Lemma, g € Z[z] as well. Then, if o; are the roots of f, then:

= £N(g(a)) f(r)

Since g has integer coefficients, g(«) is an algebraic integer, so it has integral norm. So, this shows f(r) | disc(«) as claimed.

More generally, suppose f'(r/s) = 0 for ged(r, s) = 1. Then we can write:

f'(@) = (z—r/s)g()
for some g € Qx]. There is a rational number a/b such that ag/b is a primitive polynomial (integral polynomial with no
common divisor of the coefficients). So, we get:

asf'(x)/b = (sz —r)ag(z)/b
Then sz — r and ag/b are primitive, so by Gauss’ Lemma, we get that asf’/b is primitive. But f’ € Z[x], so a divides all of the
coefficients of asf’/b. Since it is primitive, this forces a = 1.
Similarly, s/ ged(s, b) divides all of the coefficients of sf’ /b, which, by primitivity, gives s/ ged(s,b) = 1, i.e. s = ged(s, b),
so s | b. Le., b = su for some u € Z.
So, g/b € Z[z], and so does ug/b. That is, we are able to factorize

fi@) = (z—r/s)g(x) = (sx —r)g(x)/s = (sx = r)ug(z)/(su) = (sz — r)ug(x)/b

as a product of (sz — r) and an integer polynomial. Rename ug/b as g in the sequel, so we have f'(z) = (sx — r)g(z).
Now, we proceed in the same way as before:

disc(a) = =N (f'())

= £N(g(a)) [J(sevs =)

= £N(g(@))s" f(r/s)

Since s™ f(r/s) is an integer (the denominators clearly cancel), this gives s” f(r/s) | disc(«) in this case.

We have that g(x) f/(x) = h(z) + f(z)k(z) for some polynomial k € Z|[x]. Let o, . . ., ap, be the roots of f;let ay, ..., a,
be the roots of g; let by, . .., bs be the roots of h; let GG be the leading coefficient of ¢; and let H be the leading coefficient of h.
By assumption, a;, b; € Q for all j. Then,
disc(a) = (=1)" "N (£ (o))
_ (_1)(n2—n)/2 N(h(a) + f(a)k(a))
N(g(e))
(n?—n)/2 N(h(a))
N(g(a))
(n%2—n)/2 Hz h(al)
IL; g(c)
(n?=n)/2 Hz H szl(ai - bj)
[L G (i — ay)
(n?=n)/2 Hr H;:1 [Ti(ei —b5)
G" H;:1 [Ti(cs —ay)
H T (=1)" f(by)
G [T (1) f(ay)
(n?—n)/2+n(s+r) " Hj=1 f(bj)
Gn Hj:l flaj)

= (-1)
- (-1)

~(-1)

~(-1)

_ (71)(712771)/2
= (-1)
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Le., up to a constant, we only need the product of evaluating f at the roots of h over the roots of g to find the discriminant.

Exercise (2.47).
Proof. Per the previous exercise, we should write f’ as a rational function in Z[z]/ f(z). We have

zf'(x) = x(5a* — 2x) = 5a® — 222 = 5(2? — 15) — 222 =322 — 75 = 3(z — 5)(x +5) (mod f(x))
So, from the previous exercise,

disc(a) = (_1)10+15w

15£(0)
_ 35(5° — 52 4 15)(—5° — 52 + 15)
N 15
34 s 5
= 73(710 +5%)(—10 — 5%)
4
= f%(mo —510)
=3%(5% - 20)

Exercise (2.48).
Proof.
(@) Letg(z) = f(x —a/3). Le,
g(x) = (x —a/3)* +a(x —a/3)* +b(x —a/3) +c
=23+ (3(—a/3) + a)2® + (3(—a/3)* — 2a(a/3) + b)x + f(—a/3)
=2* — (d*/3)x + f(—a/3)
Now, let a1, g, a3 denote the roots of f. Then g is also irreducible over Q with roots «; + a/3. Then,
disc(a) = H (o — au)?
1<r<s<3

H [(er +a/3) — (s + a/?’)]Q
1<r<s<3
= disc(a + a/3)
=—N(g'(e+a/3))

So, we compute g':
g (z) =32* —d*/3

Le.
disc(a) = =N (¢'(a + a/3))
= -N@3(a+a/3)* —d?/3)
a\2 d?
--1l 3(i+3) —3)
> d d
:>*27£1 <Qz+3 3> (ai%g +3)
3
Al () ()
—a+d —a—d
() (25
as claimed.
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(b) The same proof above still works for d ¢ Q. Namely, the only time we use d (as opposed to d?) is in the final step, which
is only a computation and does not rely on d € Q.

(c) We consider 2:¢'(x) modulo g(z):

xg' (r) = 32° — d;x =3 (ng - f(—a/3)) - %23: = 22%23: —3f (_§> (mod g(z))

Note that the RHS has root %.;/3). So, by exercise (2.46):

3
24> 9f(=a/3)
T) 9( 2d(; )

disc(ar) = (—=1)°? (

9(0)
a2 _ 3 . a

_ zgf(_;’/b;) s (2(a29_ 5y (/27 + "9 — abf3 + o) - 3)

8(3b —a?)? , (2a3/3 — 3ab + 9c — a(2a® — 6b)/3
T 27f(—a/3) < 2a% — 6b )

8(3b — a2)® _ (2a%/3 — 3ab+ 9¢ — 2a3 /3 + 2ab
T 27f(=a/3) < 24 — 6b >

8(3b — a?)? 9¢ — ab
T 27f(—a/3) <2a2 - 6b)

as claimed.

(d) Finally, for the first explicit example, we have a = —6,b = 9, and ¢ = 3. So,

f(=a/3)=f(2)=8-6-449-2+3=5

and
a*>—3b=(-6)>-3-9=9
% 9 b 9-3—(-6)-9 105
c—a -3 —(—6) -
giving

8(—9)3(105/8)

= —3%7 = 567
27(5)

disc(a) =

Similarly, for the second, we have a, b, c = —6, —9, 3, respectively, so a? — 3b =36+ 27 = 63 and:

o 8(—63) (27— 54
disele) = 577y ( 2(63) )

233373

i e r A

233373 27 9 3

143 142
34 f
= 57(-9- 18-14 49 - 142 +14%)

= 34137 = 11097
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